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ABSTRACT  

Mathematical inequalities play a pivotal role in problem-solving within mathematical olympiads. This paper explores 

diverse techniques for proving inequalities, emphasizing their practical application in competitive settings. By 

presenting classical and advanced methods such as AM-GM, Cauchy-Schwarz, and Jensen's inequalities, the paper 

provides a comprehensive guide for students preparing for olympiads. A systematic approach to understanding and 

solving inequality problems is discussed, alongside illustrative examples. 
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INTRODUCTION 

Mathematical inequalities are fundamental tools in 

various fields of mathematics, including algebra, 

geometry, and analysis. Their versatility and depth 

make them indispensable in mathematical research 

and education. Inequalities not only provide bounds 

and estimates but also serve as essential instruments 

for proving theorems and solving complex problems. 

Their applications extend beyond pure mathematics to 

areas such as physics, engineering, and economics. 

However, their utility in mathematical olympiads is 

where their elegance and challenge truly shine. 
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In mathematical olympiads, problems often require 

participants to demonstrate ingenuity and creativity, 

and inequalities are frequently used as a vehicle for this 

purpose. These problems range from elementary 

exercises in algebra to highly intricate challenges that 

demand a deep understanding of advanced 

mathematical concepts. Despite their ubiquity and 

importance, inequalities remain a stumbling block for 

many students. A significant number of students find it 

difficult to identify the appropriate method for tackling 

inequality problems, let alone constructing a rigorous 

and elegant proof. This paper seeks to address this gap 

by providing a structured and systematic approach to 

understanding and proving inequalities. 

To comprehend the significance of inequalities in 

olympiad problem-solving, it is essential to delve into 

the diversity of techniques available for their proof. 

Each method possesses unique nuances, applications, 

and limitations, which can sometimes overwhelm 

students. The Arithmetic Mean-Geometric Mean (AM-

GM) inequality, for instance, is a cornerstone in 

olympiad problem-solving. It is frequently applied in 

scenarios involving non-negative real numbers and 

provides an intuitive yet immensely powerful tool for 

optimization problems and algebraic manipulations. 

Another pivotal inequality, the Cauchy-Schwarz 

inequality, showcases remarkable versatility, with 

applications extending into vector spaces and inner 

product spaces. Similarly, Jensen's inequality, a result 

grounded in convex analysis, necessitates a profound 

understanding of convex functions and their inherent 

properties. These techniques, alongside others such as 

Chebyshev's inequality and the Triangle inequality, 

constitute the backbone of olympiad-level inequality 

problem-solving. 

METHODOLOGY  

Mathematical inequalities form a cornerstone of 

advanced problem-solving strategies, especially in 

mathematical olympiads. This extended methodology 

focuses on building a deep understanding of inequality 

principles, practical applications, and effective 

strategies for solving related problems. 

To address the primary objectives, a threefold 

approach has been designed: introducing foundational 

theories, demonstrating applications with examples, 

and outlining systematic problem-solving methods. 

Below is an expanded discussion, highlighting key 

inequalities, their theoretical bases, and practical 

implementations. 

Theoretical Framework 

The foundation of mastering inequalities lies in 

understanding their core principles and proofs. The 

study of inequalities involves logical reasoning, 

recognizing patterns, and leveraging theorems to 

establish relationships between variables. The 

essential inequalities under consideration include: 

✓ Arithmetic Mean-Geometric Mean (AM-GM) 

Inequality 

✓ Cauchy-Schwarz Inequality 

✓ Jensen’s Inequality 

✓ Chebyshev’s Inequality 

✓ Triangle Inequality 

Each of these inequalities has unique properties, uses, 

and proof methods. Students are encouraged to 
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analyze these principles in-depth and practice their 

derivations. 

Illustrative Examples 

The effective application of inequalities is best learned 

through example problems. These problems illustrate 

the relevance of theoretical principles in problem-

solving scenarios, particularly in olympiad-style 

challenges. Detailed solutions to key problems offer 

insights into the nuances of applying inequalities. 

Example 1: AM-GM Inequality 

The AM-GM inequality is defined as: 

 

 

for any non-negative real numbers  

Application: For positive real numbers x,y,z show: 

 

Solution: Using the AM-GM inequality: 

❖ The arithmetic mean              is compared to the geometric mean  

❖ Equality holds if x=y=z. 

 

 

 

This structured approach, reinforced by consistent 

practice, equips students with the confidence to solve 

complex inequality problems effectively. 

RESULTS AND DISCUSSION  

The application of mathematical inequalities can be 

demonstrated effectively through a variety of 

problems and their respective solutions. Each 

inequality has unique characteristics that allow for 

versatile application across diverse mathematical 

problems. Below, we discuss the application of key 

inequalities through illustrative examples, providing 

both the problems and the detailed proofs for better 

understanding. 

AM-GM Inequality 

The Arithmetic Mean-Geometric Mean (AM-GM) 

inequality is one of the most fundamental results in 
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mathematics. It states that for any non-negative real 

numbers 

Problem: Prove the above inequality for any non-

negative real numbers. 

Proof: Using the AM-GM inequality applied to three 

variables, we know: 

Equality holds if and only if. This result follows directly 

from the mathematical properties of means and their 

relationship to products, where the arithmetic mean is 

always at least as large as the geometric mean. 

This inequality is particularly useful in optimization 

problems, where it can be applied to simplify 

expressions and determine bounds for solutions. 

Cauchy-Schwarz Inequality 

The Cauchy-Schwarz inequality is a cornerstone in 

linear algebra and analysis. It states: 

Problem: Prove that for any real numbers and: 

Proof: The proof relies on the properties of vectors in 

Euclidean space. Considering the vectors and, the inner 

product is defined as: 

The magnitudes of the vectors are given by: 

The Cauchy-Schwarz inequality is equivalent to: 

Expanding the terms and rearranging demonstrates 

the inequality, and equality holds when the vectors are 

linearly dependent. 

Jensen’s Inequality 

Jensen’s inequality applies to convex functions and 

states: 

for any convex function. 

Problem: Prove that for a convex function: 

Proof: Using the definition of convexity, the line 

segment connecting and lies above the graph of . 

Mathematically: 

where. Substituting, we obtain: 

The proof extends naturally to -variable convex 

functions, demonstrating the broad applicability of 

Jensen’s inequality in optimization and analysis 

problems. 

Chebyshev’s Inequality 

Chebyshev’s inequality is applicable to similarly 

ordered sequences. It states that for and: 

Problem: Show that if and, then the inequality holds. 

Proof: Rearranging terms and leveraging the 

monotonicity of the sequences and, we observe that 

the terms are maximized when aligns with. The 

summation: 

is therefore greater than or equal to the product of the 

averages of and. Equality holds when the sequences 

are constant or proportional. 

These examples and proofs illustrate the elegance and 

utility of inequalities in mathematical problem-solving. 

Mastery of such techniques enables the systematic 

resolution of complex problems, making these tools 

indispensable in competitive mathematics. 

CONCLUSION  

The study provides a detailed exploration of 

mathematical inequalities, focusing on their 
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application in olympiad settings. By understanding and 

applying the methods discussed, students can enhance 

their problem-solving skills and approach olympiad 

problems with greater confidence. Future work could 

expand on this foundation by exploring more 

specialized inequalities and their use in multi-variable 

contexts. 
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