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ABSTRACT

In the paper, we study the approximation of sub-Gaussian random processes (r.p.’s) by Jackson trigonometric

polynomials.
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INTRODUCTION

Arandom function 3(t), t € T € R™, m 2> 1is said to be pre-Gaussian [3], [5] if there exist constants k and K (0 < k, K <
00) such that Mexp{k3%(t)} < K.

Let a pre-Gaussian random function %(t), t € T be such that M%(t) = 0, sup%2(t) >0. Then the function @ (1)
teT

= |mI X sup InMexp{x%(t)} is defined, continuous, monotonically increasing, and convex on [0,A), for each 1 € [0,A),
X|=A teT

there are left and right derivatives of the function ¢ (1), where A = sup{i:¢ (1) < @} [5]. In [5], it was also shown

that the function f (1) = %’1)

is monotonically increasing on [0,A), /llim f(A) =L,o<L<oo, the function p(t,s) =
-0

sup |x| "1y (InMexp{x[3(t) — %(s)]}) is a semimetric on T, where x(x) is the inverse function to ¢ (1). The metric p is

x#0

called the natural metric of the function %(t).
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Let (T, p) be the topological space corresponding to the metric p, H(¢) = In (¢) is the e-entropy oft he space (T, p),
where N(¢) is the minimum possible number of points in the e-network S(¢) of the space (T, p).
Introduce the function ¥ (&) = fog H() [x(H(x)]"dx.
Theorem D [5]. Let 3(t), t € T be a pre-Gaussian, separable with respect to some set separable on (T, p), random

function, L = 00, W(¢) < 0. Then %(t) is bounded, continuous on (T,p) with probability one, and for all u >

inf |

pe(0,1) p(1-p)

2 1 AH(p)-0)
Y@ + o' Gaoy

)], we have the estimate

Pisup3(t) = u} < expf-¢*(u — W' W)}, rae VW) = inf [up+2¥(p)]
teT pe(0,1) p

where ¢*(x) = sup (Ax — ¢(1)), x 2 0is the Young-Fenchel transformation [6].
120

2192
A random variable (r.v.) % is said to be sub-Gaussian [10] if there is a > 0 such that Mexp{3A} < {* 2/1 }forall A e R".

292
Denote T (%) = inf{ a = 0: Mexp{3A} < {~ 2'1 }, AeR'}
It is known [2] that a r.v. % is sub-Gaussian if and only if M% = 0 adn T (%) < 00. It was also shown in [2] that T (%) =

il
sup{%’fﬁl}}i, and the space of all sub-Gaussian r.v.’s % with the norm || % ||y = T (%) is a Banach space.

A#0

A random function 3(t), t € T € R™is said to be sub-Gaussian [2]if M3(t) =0 and sup T (3(t)) < c0.
teT

Remark 1. Any sub-Gaussian random function 3(t), t € T is pre- Gaussian, and for it,
A2 2 " 2
oD =vL, x= [ Lo, gL,
the natural metric p(t,s) = % || 3(t) — 3(5)||sup » Where T = sup|| 3(t)||sup-
teT

1
Remark 2. Any centered Gaussian random function %(t) is sub-Gaussian, and the norm || 3(t)||sup = {M3%?(t)}z.
Theorem D implies the following estimate, which we will use in the future.

Corollary D. Let 3,(t), t € T, be a sub-Gaussian, separable with respect to some separable on (T, p,) set, random
. 1
function, where po (t,5) = =130 (t) = 30 (Sllsup) t,5 €T, T= fuITJII 5O sub -
€
Ifo<t<1uW¥(1) < 0o, then, foralluz16¥(1),

3
Psup 30(6) = u} < expf- el [V,

Proof of Corollary D. According to Remark 1, L = 0, i.e., Theorem D is applicable for a sub-Gaussian random function

Zo(t). Since
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1 A(H (D))

inf L) + e GRS - 0= inf S G) + PR
and ¢ (x)- then according to Theorem D,
Plsup 5o(6) = u}s expf 2 IRy gy, W2 L V00T,
forall u zpé'z)];)[ = p)‘P(p) + +f‘(/ﬁ)]
Obviously,
W(p) = 27 VHG) dx = P e, H(p) < WE(p) -
hence,

inf [

pe(0,1) p(l p)

() + LD < 2H0) Y0y g6 (1) < 16 w(1),

2 (1-p)? pe(o 1) pa-p) = (1-p)?

We obtain from here that, for all u > 16 ¥(1),

u?—2uW¥* (u) +[¥* (u)]z}
21 ’

P{sup %o(t) = u}< exp{-
teT

3
A E
If we take into account that W*(u) < 6 yu¥(1) and exp{-% “\P(l)}s 1asu 216 ¥(1), then we come to the

assertion of Corollary D. Corollary D is proved.

MAIN RESULTS

Let us consider a sub-Gaussian separable, measurable separable 2m- periodic mean-square continuous real sub-
Gaussianr.p. 3(t), t € R'. Assume that the following condition is satisfied for it

(A): 115 = 3()|lsup < w(t =s]), t,s€ R,

where w(z) is the modulus of continuity, for which there exists the inverse function ™! (x) , and the integral

fl w(z)
0 z/|ln

It is known [11], that the r.p. 3(¢t) is continuous with probability one.

We study the normalized process of deviations (n.p.d.) n,(t) = 30~ D’l‘/(g)t) where D,, (%; t) is the Jackson operator

d<a)

(trigonometric polynomial):

D, (%) = Dp3(t) = " 3(t +x) Dy (x)dx = 2w X252 5 % o Velkt,
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. nx, 4
SLn_ . . . .
Dp(x) = 2n(2n2+1)n< n’g) is the Jackson kernel, %;, and ¢,§") are the Fourier coefficients of 3(t) and D,,(x),

respectively, Cy = ”T\E +1is the Jackson constant [9, p.168]

Due to the 2m-periodicity of the n.p.d. n,,(t), it suffices to study it on the interval [-m, ].
Note that the n.p.d. n,(t) was studied in [8] when %(t) is a stationary Gaussian r.p. and w(x) = x%,0<a<1.
Theorem 1. If condition (A) is satisfied, then for z > 64, the inequality

Nnlt) (t)

<z _Z 2
V| <72 = 2exp{—Tva}

P{max
|t]<m

1 ok
holds, where y,= 2VIin n + oar )fo =il dx ++/In(mw + 1).
Proof of Theorem 1. We use Corollary D. To do this, we show that t,, = || n,,(t)||sup < 1 foralln eN.

Indeed, forany t € [-m,m] and n € N, we have

T = 1 Ollsup = o5 1130 = Da GO llsun <

= C wzl/ )f ”g(t+x) - g(t)”subD (X) dx <

< ot [ @(xDD, (1) dx <1 0

The last inequality follows from the Jackson theorem ([9], p. 167).
Obviously, Mn,,(t) = 0, hence, by virtue of (1), the n.p.d. n,,(t) is a sub-Gaussian r.p. foranyn e N .
Let n € N be any fixed one. Suppose that t,, > 0. (If 7, = 0, then n,,(t) = 0 with probability one, and for this case,

the assertion of Theorem 1is obvious).

According to Remark 1, for n,, (t), ¢, (x) = x| x(x) = \/iz, therefore, the natural metric p,(t,s) = N

”nn(t) — N (S)| | sup- For pn(t;S) , t,s€ [-TT, ﬂ], we have
pn(65) = gty 1 T30 + 20 = 3(0) = 3(s + 2) + 3(5)] Dy (W)l sy <

20(|t=s|) 2w(|t=s]) (2)

- Coﬁw(l/n) - ﬁw(l/n).
Using (2), we estimate the e-entropy H,(¢) of the space ([-r, ], py,)-

Let N, (&) be the minimum possible number of points in the e-network of the set [-m, ]. Then inequality (2) implies

that N,,(¢) < M,,(¢), where

Mp(€) =minfke N: \/—(({7))— b
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what implies

hence,

H,(£) = In Noy() < In (17 + ™ (22@ )) rin— ( ﬁw(l/ T

where w~1(x) is the function inverse to w(x).

Estimate W,,(1) = [ Hy () [ (Hn (€)) ] de:

Wo(1) = L2 [ [ (e) de <

S‘/ZZTn{\/ln[n+w—1< w(l/n)> +], \/Ilnmlds}:

T r
:@{\/ln[n+w‘1( w(l/n)> = m dz}.

Using (1), we obtain from here that

P < LI+ D+ 2 [ [iin n—ros|dz} =

> w(2)
1/ 396 T ma 42 b

——{\/ln(n+ 1) +2VInn +

Y(1) < g Yn< 0 for eachn € N. (3)

Obviously, the n.p.d. n,,(t) is continuous with probability one, therefore [4, p. 203] it is separable on ([-7, ], py),
where pg= | t-s |. By virtue of (2), the metric p,, is topologically equivalent to the metric p,, therefore the n.p.d. n,,(t)
is separable on ([-m, ], p,). Hence, taking into account (1), (3) and applying Corollary D, we obtain that for all u >

36W,(1),
u2—6u%/ an(l))}
S E—

P{rlrtllax N (t) = u} < exp{-
<m

From here, using (3), we arrive at the inequality

\/E
—6uz
P{max N (t) = u} < expf- 4} if u>18 y,V2.

t|sm
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Putu = gynv, then for v > 36,

P{|t|<n 777;( ) > a)(z) ‘l]} < exp{(_ Vn)z (__ +3172 )}

If we assume that v > 64, then v2—6v5 > VT, therefore, for v > 64, the following inequality holds:

Pimax 20 > 2 v} < expf- 1)}
ltlsT  Vn
Finally, the inequality
P{sup| —""(t) v} < 2P{sup — 1 (t) > V2 %
lt|lsm  Tn ltlsm Yn 2

implies the assertion of Theorem 1.
Theorem 1 is proved.

Corollary 1. Let € > 0, 0 < § < 1and the conditions of Theorem 1 be satisfied.

If a)(l/n) Yn = 0asn — @, then, foralln = ngy+1,

P{mg;clz(t) - D, (3 t)| <€}21-4,
where

ng = no(ng, 8) = min{n € N: C;v2 w(l/n) 32y, +2 ln%) < &L
4 2
Proof of Corollary 1. Put z, = o lnE .

Then, according to Theorem 1,

P{max —— m® o (64 + 2y)} < 2expf- M

2
maz 12 v} < 2008 L),

e Pfmax|3(0) = D (5001 2 CoVZ w(Y/p) 321 +2 [In D} <5,

which proves Corollary 1.
Corollary 1is proved.
Let %,(t) € CZ™(R') be a Gaussian stationar r.p. with zero mean, unit variance and the continuous correlation
function r (t), satisfying the following condition [7], [8], [1]:
r(t)=1-[t|** + f(t), o<a <1, f(t)=0(|t|*%),ast — 0. (4)

According to Remark 2,

1130() — 50(5) llsup= (M[Z0(t) — o ()12 = (2[1 — 7 (¢ — )]},
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moreover, condition (4) implies that there exists a constant C; > 0 such that
1
21 =7 (-9 =< (it = s]%
i.e. the r.p. %, (t) satisfies the condition of Theorem 1 with w(x) = C;|x|*,0<a <1,
0 < C; < 00, and the condition of Corollary 1, hence, the following statement takes place.
Corollary 2. There is a constant C;, 0 < C; < 0, such that foranyn = 3, 0<§ <1, the inequality

32n"¢%

P{m%go(t)—pn Go;t)| = CoCiV2 [64n%Inn+n"%32/In(r + 1) + 2 [In )+ Enl} <6

takes place, where €,,~ \/_

Proof of Corollary 2. The assertion of Corollary 2 follows from Theorem 1 if we take into account that

Yn=+/In(m+ 1) + 2VInn + 1/ )fmexp {—u?}dz, kormaw(x)= Ci|x|

For comparison, we present one result from [8]:
2-2a
,where 1 €(0, ), ty(u) = —a , Cq is a constant depending
3_7\/_

only on a. We denote such a coordinated change in the level of uand nby (n,u), = oo.

Letn » ocoandu = u(n) — oo such thatn = ]211:[:(11( )[

In [8], it is proved that lim ¢,n™% = a, and, moreover, if the correlation function of the r.p. %,(t) is such that
n-— o

r" (©)|t|>~* =0(1), t - 0, then

lim P{max|3o(t) — Dy (o; )| > uoy} =1-e -,

(nu)y— o

where 6,2 = {M[%,(t) — D, Go; t)]z}E , Qg is a constant depending only on « .

These results imply that

lim P{max|%,(t) — D, 3o; t)| > n~ %b, /ln n+ =24 Far()}=1-74
n- o |t|sm a ,

where
0<by <0, fea(m)=o(n~“Inn),n- w. (5)
Relation (5) and Corollary 2 show that, despite the generality of the considered class of r.p.’s, the estimate in
Theorem 1in specific cases is close to unimprovable in the sense of order in n.
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