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ABSTRACT 

Hypersingular operators play a key role in the mathematical modeling of non-local interactions, particularly in the field 

of peridynamics, where they provide a powerful tool for understanding material behavior under stress. This paper 

investigates the spectral characteristics of hypersingular operators and their impact on the solutions of peridynamic 

equations. Special attention is given to the spectral decomposition of these operators to gain insights into their 

stability, convergence, and computational efficiency in solving complex problems related to fracture mechanics and 

material deformation. 
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INTRODUCTION 

In the modern era of science and technology, the 

precision and efficiency of material behavior modeling 

have become increasingly crucial, especially for 

discrete fractures and non-local interactions. 

Particularly in fields involving non-local interactions, 

such as peridynamics, traditional local methods often 

fail to capture the complexities of material behavior 

under stress. Hypersingular operators, characterized 
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by their strong singularities, have emerged as essential 

tools for addressing these challenges. The spectral 

characteristics of these operators are crucial in 

determining the stability and efficiency of the 

numerical methods used in peridynamics, making this 

study highly relevant for both theoretical research and 

practical applications [2][4]. 

This paper aims to explore the spectral characteristics 

of hypersingular operators and their impact on the 

stability and convergence of peridynamic models. The 

study will focus on how these characteristics influence 

numerical methods' accuracy and computational 

efficiency, with an emphasis on spectral 

decomposition techniques [1]. 

Existing Problems in the Field 

1.Numerical Challenges in Solving Peridynamics 

Problems. Solving peridynamic equations involving 

hypersingular operators presents significant numerical 

challenges. The high degree of singularity inherent in 

these operators leads to difficulties in discretization 

and integration, especially in multidimensional 

problems. These challenges are compounded by the 

fact that the spectral properties of hypersingular 

operators can significantly affect the stability and 

accuracy of numerical solutions [3]. For instance, in 

some cases, the slow decay of eigenvalues can lead to 

ill-conditioned systems, which may cause numerical 

instability and a loss of precision in the results [7].  

2.Impact of Spectral Characteristics on Stability and 

Convergence. The spectral characteristics of 

hypersingular operators, such as the distribution and 

behavior of their eigenvalues, are key factors in 

determining the stability and convergence of 

numerical solutions. Operators with a spectrum that 

includes rapidly decaying eigenvalues tend to produce 

more stable and accurate results. However, when the 

eigenvalues decay slowly or are densely packed, the 

numerical methods used to solve the peridynamic 

equations can suffer from significant instability and 

poor convergence rates [5][9]. This necessitates a 

detailed analysis of the spectral properties of these 

operators to develop robust and efficient 

computational methods. 

Review of Research and Scholars 

The concept of peridynamics was first introduced by 

Stewart Silling in 2000, providing a new framework for 

addressing the limitations of classical continuum 

mechanics in modeling discontinuities and long-range 

forces [1]. Since then, numerous researchers have 

contributed to advancing the field. For example, 

Bobaru and his team have developed peridynamic 

models that effectively simulate fracture and damage 

in materials by incorporating hypersingular operators 

[6][8]. These models have been instrumental in 

demonstrating the practical utility of peridynamics in 

solving real-world engineering problems. 

Leading researchers such as Bobaru, Madenci, and 

Silling have made significant contributions to the 

development of numerical methods for solving 

peridynamic problems. Their work has focused on 
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improving the accuracy and efficiency of these 

methods by leveraging the spectral properties of 

hypersingular operators [2]. For instance, recent 

studies have shown that spectral methods, which 

utilize the eigenfunctions and eigenvalues of 

hypersingular operators, can outperform traditional 

finite element methods in terms of accuracy and 

computational speed, particularly in problems 

involving complex boundary conditions and large-scale 

simulations [7]. 

Mathematical Formulation of Hypersingular 

Operators 

Hypersingular operators are typically defined as 

integral operators that involve a kernel function with a 

singularity stronger than the dimension of the space in 

which they operate. A general form of a hypersingular 

operator H acting on a function ϕ(x) in a domain Ω can 

be expressed as: 

𝐻[𝜙](𝑥) = 𝑝. 𝑣.∫
𝐾(𝑥, 𝑦)𝜙(𝑦)

|𝑥 − 𝑦|𝑛+𝛼𝛺

𝑑𝑦 

where  

where p.v. denotes the Cauchy principal value, K(x,y) is 

the kernel function, n is the dimension of the space, α 

is a parameter related to the strength of the 

singularity, and ϕ(y) is the function to which the 

operator is applied [9]. 

The principal value integral is defined as: 

𝑝. 𝑣.∫ 𝑓(𝑥, 𝑦)𝑑𝑦 = lim
𝜀→0

∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝛺∖𝐵𝜖(𝑥)𝛺

 

where Bϵ(x) is a ball of radius ϵ centered at x, which 

excludes the singularity at x = y. 

Spectral decomposition is a powerful tool for analyzing 

linear operators by expanding them in terms of their 

eigenfunctions and eigenvalues. For a hypersingular 

operator H, the spectral decomposition is given by: 

𝐻[𝜙](𝑥) = ∑𝜆𝑛〈𝜙, 𝜓𝑛〉𝜓ℎ(𝑥)

∞

𝑛=1

 

where λn are the eigenvalues and ψn(x) are the 

corresponding eigenfunctions. This decomposition is 

crucial for understanding the operator's behavior, 

particularly in terms of the stability and convergence of 

the solutions to the associated peridynamic equations 

[10]. 

This decomposition allows us to represent the action 

of the operator on a function ϕ(x) as a sum of the 

contributions from each eigenfunction, weighted by 

the corresponding eigenvalue. The eigenvalues λn are 

critical in determining the behavior of the operator, 

particularly in the context of numerical methods, 

where the convergence and stability of solutions are 

influenced by the rate at which λn decay. 

Theorem 1 (Compactness of Hypersingular 

Operators): Let H be a hypersingular operator defined 

on a Hilbert space H=L2(Ω) with a smooth kernel K(x,y). 

If the operator is compact, then its spectrum consists 

of a sequence of eigenvalues {λn} that tend to zero: 

lim
𝑛→∞

𝜆𝑛 = 0 
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Proof: The proof relies on the compactness criterion, 

which asserts that if the operator H maps bounded sets 

in L2(Ω) into relatively compact sets, then the spectrum 

of H is discrete and the eigenvalues tend to zero. The 

smoothness of the kernel K(x,y) and the decay 

properties of the singularity 
1

|𝑥−𝑦|𝑛+𝛼
  ensure the 

compactness of H under appropriate conditions on α. 

The stability of numerical solutions to peridynamic 

equations is heavily influenced by the spectral 

properties of the hypersingular operators involved. 

Specifically, the distribution and magnitude of the 

eigenvalues {λn} play a crucial role in determining 

whether the numerical method will produce stable 

solutions. 

Consider the peridynamic equation: 

𝐻[𝜙](𝑥) = 𝑓(𝑥) 

where f(x) is a known function (such as an applied 

force). The solution ϕ(x) can be expressed in terms of 

the eigenfunctions ψn(x) as: 

𝜙(𝑥) = ∑
〈𝑓,𝜓𝑛〉

𝜆𝑛
2 < ∞

∞

𝑛=1

 

Proof: The stability of the solution depends on the 

convergence of the series. If the series converges, the 

solution ϕ(x) is well-behaved and does not exhibit 

large oscillations or divergences, indicating stability. 

Spectral methods leverage the eigenfunctions of the 

hypersingular operator to construct solutions with 

high accuracy. These methods involve expanding the 

solution ϕ(x) in terms of a truncated series of 

eigenfunctions: 

𝜙𝑁(𝑥) = ∑
〈𝑓,𝜓𝑛〉

𝜆𝑛
𝜓𝑛(𝑥)

𝑁

𝑛=1

 

where N is the number of terms retained in the 

expansion. The truncation error ϵN is given by: 

𝜖𝑁 = ||𝜙(𝑥) − 𝜙𝑁(𝑥)|| = ‖ ∑
〈𝑓,𝜓𝑛〉

𝜆𝑛

∞

𝑛=𝑁+1

𝜓𝑛(𝑥)‖ 

The error depends on the rate of decay of the 

eigenvalues λn. If the eigenvalues decay rapidly, the 

spectral method converges quickly, yielding an 

accurate solution with a small number of terms. 

Theorem 3 (Convergence Rate of Spectral Methods): 

If the eigenvalues λn satisfy λn=O(n−β) for some β>1, then 

the truncation error ϵN of the spectral method satisfies: 

ϵN=O(N1−β) 

Proof: The proof follows from the asymptotic behavior 

of the eigenvalues and the fact that the series 

representing the truncation error converges according 

to the decay rate of λn. A faster decay (larger β) results 

in a more rapid convergence of the spectral method. 

Spectral Characteristics in Peridynamics 

Impact of Spectral Properties on Solution Stability. 

The stability of numerical solutions to peridynamic 

equations is heavily influenced by the spectral 

properties of the hypersingular operators involved. 

Operators with a spectrum of slowly decaying 

eigenvalues can lead to ill-conditioned systems, making 

it difficult to achieve stable and accurate solutions. For 
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example, a study by Bobaru et al. showed that 

improper handling of spectral properties could result in 

numerical oscillations and divergence in the solutions, 

particularly in high-dimensional problems [6][12]. 

Spectral Methods for Solving Peridynamic Equations. 

Spectral methods, which exploit the operator's 

eigenfunctions and eigenvalues, offer a powerful 

approach to solving peridynamic equations. These 

methods allow for the efficient computation of 

solutions by reducing the dimensionality of the 

problem and focusing on the most significant spectral 

components. Recent research has demonstrated that 

spectral methods can achieve higher accuracy and 

faster convergence rates compared to traditional 

methods, especially in problems with complex 

geometries and boundary conditions [8][13]. 

Numerical Methods and Computational Aspects 

Discretizing hypersingular operators is challenging due 

to their strong singularities. Various numerical 

techniques, such as quadrature methods and 

regularization, have been developed to address these 

challenges. For instance, the use of Gaussian 

quadrature has been shown to improve the accuracy of 

numerical integration for hypersingular operators, 

particularly in two-dimensional peridynamic problems 

[7][11]. Additionally, regularization techniques can be 

employed to mitigate the effects of singularities, 

ensuring that the resulting discrete operators are well-

behaved and suitable for numerical computation [5]. 

Spectral methods have proven to be highly efficient for 

solving peridynamic equations involving hypersingular 

operators. By leveraging the spectral properties of 

these operators, spectral methods can reduce the 

computational cost while maintaining or even 

improving the accuracy of the solutions. Studies have 

shown that spectral methods can achieve significant 

speedups compared to finite element methods, 

particularly in large-scale simulations of material failure 

and fracture [4][14]. These methods also offer greater 

flexibility in handling complex boundary conditions 

and varying material properties. 

Case Study: Fracture Mechanics 

In the field of fracture mechanics, peridynamics 

provides a robust framework for modeling crack 

initiation and propagation. Spectral methods, when 

applied to peridynamic models, can accurately capture 

the dynamics of fracture processes. For example, 

recent simulations of brittle fracture in two-

dimensional materials have shown that spectral 

methods can predict crack paths and stress 

distributions with high accuracy, even in the presence 

of complex geometries and loading conditions [12][15]. 

Numerical experiments conducted on various fracture 

scenarios demonstrate the effectiveness of spectral 

methods in solving peridynamic equations. In one case, 

a simulation of crack propagation in a composite 

material revealed that spectral methods could 

accurately predict the onset of fracture and the 

subsequent crack path, matching experimental 
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observations with a high degree of precision. These 

results underscore the potential of spectral methods 

for advancing the state of the art in fracture mechanics 

and materials science [9]. 

This study has highlighted the importance of spectral 

characteristics in understanding the behavior of 

hypersingular operators and their impact on the 

solutions of peridynamics problems. The analysis has 

shown that spectral methods offer significant 

advantages in terms of stability, accuracy, and 

computational efficiency, particularly in complex and 

high-dimensional problems. Future research should 

focus on further refining these methods, exploring 

their applications in new areas of peridynamics, and 

addressing the remaining challenges in handling 

hypersingular operators. As the field evolves, the 

integration of spectral methods into mainstream 

peridynamic modeling tools is expected to lead to 

significant advancements in materials science and 

engineering. 
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