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ABSTRACT

In the work, we find sharp estimates for the root-mean-square error of the approximation of -periodic random

processes and random fields by linear positive Jackson operators.
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INTRODUCTION

The problem of approximation of uniformly
continuous bounded nonrandom functions has a
classical origin and has been known since the time of
Newton. There are whole mathematical areas devoted
to this theory, where the best approximations of
continuous functions of a real and complex variable by
interpolation and algebraic polynomials, trigonometric
polynomials, approximations by splines, linear positive
operators are studied, constructive characteristics of

function classes are found, the cross-sections of

-periodic random process, random field, approximation,

function classes are estimated, and others [4]. [13],
[14].

Methods of the approximation theory of non-
random functions are also used in the study of
problems of approximation of random functions,
where well-studied, simple in construction algebraic
and trigonometric polynomials, various interpolation
formulas are chosen as the approximation apparatus.
This approach is applied in works by Azlarov T.A. [1],
Drozhzhina L.V. [5], [6], Kadyrova L. [7],
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Mirzakhmedov M.A., Khudaiberganov R. [8], Nagorny
V.N., Yadrenko M.l. [9], Omarov S.O. [10], Seleznev
0.V.[11], [12], Khudoyberganov R. [15] and others.
MAIN RESULTS
Denote by CZ™(R') the class of 2m-periodic,
continuous with probability one random processes
(r.p’s), e rpJs %) such that  3(¢t)
is continuous and %(t + 2m) = %(¢t) forany t € R! with
probability one.

Obviously, for almost all realizarions, %(t) € Lq(-
m,m). Therefore, we can construct the following

trigonometric Jackson polynomial [14]:
Dy (38) = Da3(0) = [Z,3(t + x) D(x)dx =

2n Y- z)§k<P ekt (1)

3 sinE i ’
( ,%) is the Jackson

where Dn(x) 2n(2n?+1)n \ sin=

kernel, %, and golgn) are the Fourier coefficients of 3(t)
and D, (x), respectively.

D,%(t) is a linear and positive operator (l.p.o.).
Consider the approximation of a r.p. %(t) € C3"(R')
by the Jackson I.p.o. D,, (%; t).

Investigate the standard deviation

8u(%: 1) = (M[3(0) — Dy (% DT}

Publisher: Oscar Publishing Services

Theorem 1.a) For any 3(t) € C3™(R')and n € N, the
inequality

4

max(M[5(0) = D (5 D1 < ¢ -
)

55) wy (D

is valid.

b) inequality (2) is unimpovable for the class CZ™(R')
in the sense that, for any € > 0, there exist %.(t) €
CE™(R')and ny € N such that

max{M[3:(t) — Dy, (3¢ oP > G- %§ -

[t|sm
21
) s, ()

Proof of Theorem 1. First of all, we note that the
Jackson kernel D, (x) has the following property:
ffn Dy, (x)dx=1foranyn € N [14, p.79]-

Forany3(t) € C5™(R'),n € N, and t € [-, ], uisng
the above property of D,,(x), the Fubini theorem, and

the Cauchy-Bunyakovsky inequality, we have

645 1) - (M[3(0) - D, (5 012 =
WM™ (50) — 3¢ + D)D)z f: <

< [T w5 (1x]) Dn(x)dx .

Using the properties of the modulus of continuity

wsz (x), we obtain from here that

Since the r.p. %(t) — D, (%;t) is 2m-periodic, the 5n(%0) £ anwg () Dy (x)dx <
function 6,,(%; t) will be the same, so it suffices to study 2wy (2—”)f (1+ [)Dn(x)dx wg( Dy,
it on the interval [-rr, ]. where 1,, = 2f a _|_ [)Dn(x)dx
1
Let wz(8) = max {M[3(t) —%(s)]?}z be the

3(0) It—SISt?{ [3(8) = 3()T) In [10], it is shown that supA,= A3 = g_%g =

modulus of continuity of the r.p. %(t). n=t
1,00688858...
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It follows from here that = zf (1+ [)D3 (x)dx - 2f (1- —) D3(x)dx -
8% £) < &~ 203 (T

S Lx=-ENDyydx = A3— 10— 1P
forany 3(t) € C3™(R'),n € N, and t € [, ], hence, 3

® (2 2m
4 453 =" - w .
max 8,3 6) < G~ 2wy (5. ) «(5)
- It is obvious that
Part a) of Theorem 1is proved.

To prove part b) of Theorem 1, consider an even, 2m- Iél)s zfos Ds()dx = o and IS(Z) =
periodic, non-random function defined on the interval 2 fg;s D3;(x)dx — 0 ase—o0,
[0, ] in a following way: o
( f ro=x=e ] max6 wGet) 2[13 —a(e)]w (2_11:) a(e) — 0 ase
11fsSxS2?ﬂ, It|sm - w3/
) PR T I T 0

where a(g) = 1(1) + I(z)

. i This leads to the statement of Part b) of Theorem 1.
where g is a sufficiently small number.

. Theorem 1 is proved.
Let ar.v. %, be such that M35 = 1.

Theorem 2. For theclass of r.p.’s C3™(R'), the relation
Obviously, the r.p. 3.(t) =30fu(x) € CE™(R') and A ()

MI5()-DnG,0) )2
Wz, (2:) = 1. For%(t), we have sup e MEO-LnGOP 4853
neNje C™(RL) ws (7) 3 761
max 63 (3¢ t > 633 0 =
t|sm 3322 0) 3(3:0) takes place.
{M[f_”n 2. (x)D3(x) dx] }% = Proof of Theorem 2 follows from Theorem 1.

- e x 2n Let us proceed to finding the sharp estimate for the
= [ fe()D3(x) dx = 2{f; - D3(x) dx + J.2 D3(x)dx + o )
approximation of random fields by the Jackson l.p.o.’s.

L
+ [52 1+ i(x — 2?”)] D3(x)dx +2 f£+£ D3(x)}= Denote by C3™(R?) the class of 2m-periodic in each
3 3

2w argument and continuous with probability one r.p.’s
= 2[f® D3(x)dx + 2 fox D3(x) dx] - 2[ [, D3(x)dx —
3

3(t,s).
fosf D3(x) dx ] - The function
2m sup
—+e
- o[ 202 Ds(x)dx — fm T+2 (- w2y, 20)=t = t'| S XL {MI3(t, 5) — 5(t, )| ¥,
: s —s'| < x,
Z?H)] D3(x) dx] = X1,X3 =0
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is said to be the modulus of continuity of the first type

ofar.p.%(t,s) € CFF(R?)[1],[5]-
The function

sup

0 = (v 4 (s - 51y < 52 MIBES)

(R x 20

is said to be the modulus of continuity of the second
type of ar.p.3(t,s) € CE™(R?).

The modules of continuity of a r.p. 3%(ts) €
C3™(R?) have the following properties:
1°. Forany 0 < x; < xy, 0 < x, < x3, the inequalities

WS (x1,25) < 0P (2], %) < WP (], x3)

take place.
2°. wg(l)(nxl,nxz) < na)?fl)(xl, x;) foranyn€ N, 0 <
X1 < Xy

3° “)g(z)(xl) < wéz)(xz) forany 0.< x; < x5.

4°. w(z)(nx) < nwg(z)(x) foranyn€ N,0 < x; < x,.

wg(z)(x\/Z), X 2 0.

Consider the approximation of ar.p. (t,s) € CZ™(R?)

50, (1)(— 2y < wg(z)(x) < wg(l)(x,x) <

by the Jackson I.p.o.

Dpn(%:t,5) = JE 0T 5+ xs +
y) Dy (x) Dy, (y)dxdy. (3)
Theorem 3. a) For any 3%(t,s) € szl”(Rz) and n €N,

the inequality

max  (MES) - DanGitOP <[> (G-

|t|sm

|s|sm

453157 (D) (27 21

o) 1w ) (4)

holds.
b)inequality (4) is unimprovable in the following sense:
for any € > 0, there exist 3.(t,s) € C3™(R?)andny € N
such that
1 2 453
rl?li%{M[gs(t' S) - Dno,no (gs; t, S)]Z}Z > [2_(5 - m)z_
|s|sm

] (1)(271' Zn)

Ng Ny
Proof of Theorem 3. For any %(t,s) € C3"(R?),n €
N, and (t,s) € [-m, T ]?, using the propertt of the Jackson
kernels, the Fubini theorem and the Cauchy-

Bunyakovsky inequality, we have
Snn(% t,5) Z{MI3(t,5) = Dy (5 £, )]P)2 =

- M[S T 15 s) — 5+ x5+
] D @)D, () dxdy| Y <

I7 I w2 (%] 1y1) Dy () Dy (0)dxdy <
(1) 21 27
oy G o)

INn

< oI+

max {]—— iCad —[ ]%{l [}) Dn(x) Dy (y)dxdy =

= 40V [ A+

max (|21 22 ) D, (00D, )dxdy = K,
" G
where Kn = 4f:f:(1 +

max (] 22,122 [3) D, (x) D, (v) dxdy.
It is obvious that K, = K, =1. In[2], it is shownm that

453,

sup K= Ky=2- (6 = 20y

nz1

1,0137297...

It follows from here the proof of part a) of Theorem 2.
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To prove part b) of Theorem 2, consider an even 2r- Ay =06y Z+ e<x<m0<y<xIUf(xy):Z+
3 == =7 = 3
periodic in each argument non-random function e<y<m0<x< yh

defined on [o, 7] as follows: Taking into account definition of the function f.(t,s) ,

fe(t, ) = we have
( 2T ifo<x<e, 0<y <ux )
Y 0<y<e 0<x <y t=1 [T, f(6,5) Ds()D3(y)dxdy =
€ - - ’ - -
esx<Z0<y <x [f,, max Z,23D3 () D3 () dxdy +
1 if 2
e<y<7.0<x <y +fJ,, Da(X)Ds(y) dxdy +
< g
1 2m 21 2m 1 2n 1
1+;(x—?) if >-sx<—+e 0<sy <x +ffA3max{1+;(x—?),1+z(y_
1 2n 21 2m
1+;(y=-5) if F<sysT+e 0sx <y )} D3 (x)Ds (y)dxdy +
_ Zresx<m 0<y <x
2 if 21 +ZHA D3(x)Ds(y) dxdy =
—+e<y <m0 x <y 4

where € > 0 is a sufficiently small number. ffA1UAZ D3 (x)Ds (y) dxdy +

Letar.v. %, be such that M33 = 1. Then the r.p. %.(t,s) +2 ffA3UA4 D3(x)D3(y) dxdy —— ffAl(l -
=%ofi(ts)€ €CE(R?) and wy (Z,2) =1 we max {£,2))D; )Ds (y)duxdy -
obtain from here that ] ffA3(2 d Lo {1 n i (x ] 2?") 1+ i (y _
Q) > :
g e t9) 2 5aG00 1)) Dy () Ds (y)dxdy [
- [ i | " £(6,5) Dy ()Dn () dxdy = max (122122 [}) Ds()Ds(dxdy - [f, (1 -
—n )

xy
_ a7 T 6 9) Dy D dxdy = " T P (ODadxdy -

42%:1&4]{ fe(t,s) D3(x)D3(y)dxdy  (5)

where A;={(xy): 0<x < e,0<y < €},

—Jf, (1 + 32— max £, 5) D3 (D3 (y)dxdy = ; K;-
1P =1 22k 1P = 1119

A= {(xy):e<x < 2?” ,0<y < xJUf (xy):e<x < Obviously,
= o<x< ), 1) < [f, Da()Ds(y)dxdy »0ase o,
A= {(xy) T <x < T4 g, 0<y < xJU{ (xy): o < 1$7] < [f, Da()Ds () dxdy » 0 ase = o.

21 Thus,
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i, ffAk f.(t, s) Ds(x)Ds(y)dxdy > K; - 8(€), 6(g) -0 3. Gihman LI, Skorokhod A.V., The Theory of
Stochastic Processes. Vol. I. Nauka, Moscow, 1971
ase — 0.

in Russian
Taking into account relation (5), we obtain from here ( )

4. Dzyadyk V.K., Introduction to Theory of Uniform

that
Approximation of Functions by Polynomials.
max Oy (3e; £,5) 2 83336 0.0) 2 K; - 6(e) = [Ks - PP y Poly
Is|<m Nauka, Moscow, 1977 (in Russian).
8(¢)] wg(el)(z?ﬂ,z?ﬂ 5. Drozhina L.V., On linear approximation of random

fields. Th f Probabilit d Math tical
Let & > 0 be an arbitrary number. Choosng 6(¢) such e eory of Frobabiity: an athematica

Statistics, 1975, Vol. 13, p. 46-52. (in Russi
that 8(¢) < &, we come to the assertion of the second atistics, 1975, Vol. 13, p. 46-52. (in Russian)

6. Drozhina L.V., Joint approximation of random
part of Theorem 3.

. rocesses and their derivatives by linear positive
Theorem 3 is proved. P y p

operators. Reports of the Academy of Sciences of
Theorem 4. For the class of r.p.’s C2™(R?), the relation P P y

the Ukrainian SSR, Ser. A, 1984, No., p.7-8 (in

1
max_{ M|3(t,s)-Dn,n(%t,s) |*}2 :
s up (ts)e R? - % _45V8 Russian).

2Tt =
neN 3(ts)e CET(RL) wz(57) 76T

holds.

7. Kadyrova l.I., On approximation of periodic mean-

square continuous processes by stochastic

The proof of Theorem 4 follows from Theorem 3. . . . .
trigonometric polynomials. Theory of Stochastic

Note that Theorems 1-4 in the case when %(t) and : )
Processes, 1975, No. 3, p.42-49 (in Russian).

t,s) are nonrandom functions coincide with the
3t.9) 8. Mirzakhmedov M.A., Khudaiberganov R., On the

results of [2] obtained there by another method. . L
issue of approximation of random processes,
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