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calculations. To solve applied problems, instead of
general equations, it is advisable to use approximate
INTRODUCTION ones, which include one or another finite order in
The general equations of vibrations of piecewise derivatives [8-11]. The classical equations for the
transverse oscillation of a plate contain derivatives of
no higher than the 4th order, and for piecewise

homogeneous or two-layer plates, the simplest

homogeneous viscoelastic plates of constant
thickness, described in [1-7], are complex in structure

and contain derivatives of any order in coordinates x,
approximate oscillation equation is a sixth-order

equation. If in the operators (3.8) given in [12-17] we

y and time t, and therefore are not suitable for solving
applied problems and performing engineering
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confine ourselves to the first two terms, then from equation (3.11).

Ll(WZ ) = Fl(X,y,t)

where the operators L, and F,(X,Y,t) are equal:

Ly = (Mygn) Koy = Mgy Ky J(Hig(ny By = Han Esn)) +
+ (My0) Ky = Moy Koy J(Han) Eany = Hamy Eagny) +
+ My Kagny = Moy Kago) (H o) Esny = Ham Eaqny) —
— (M) Ky = Mgy Kooy J(H gy Esgny = Han Eagny) —
— (M) Kany = Mgy Ko J(Hagny Esgny = Haoy Eyny) +
+ (Ms(n)K4(n) o M4(n)K3(n))(H1(n)E2(n) o H2(n)E1(n));

I:1 = _[ Kl(n)( H2(n)E3(n) IE H3(n)E2(n) )+ K2(n)( H3(n)E1(n) - Hl(n)ES(n) )+
+ K3(n)( Hl(n)EZ(n) - H2(n)E1(n) )]{Mél( fz(O) )}+
ot [ Ml(n)( H2(n)E3(n) _ H3(n)E2(n) )+ MZ(n)( HS(n)El(n) - Hl(n)E3(n) )+
(0) (0)
of, 8fyz 3
oy
_( Ml(n)( K2(n)E3(n) F K3(n)E2(n) )+ Mz(n)( K3(n)E1(n) - Kl(n)Ea(n) )+

+M3(n)(Hl(n)E2(n) HZ(n)El(n))]{Mil(

+ M3(n)(K1(n)E2(n) - K2(n)E1(n) )]{Ml‘l( fz(l) )}+
+(M1(n)(K2(n)H3(n)_K3(n)H2(n))+M2(n)(K2(n)H1(n)_Kl(n)Hz(n))+
afx(zl) af(l)
— )b

oy

+ M3(n)( Kl(n)HZ(n) - Kz(n)Hl(n) )]{Mfl(
We obtain an approximate integrodifferential equation
o'W o'W oW oW
AW )+ s +
o 5 ol 5 [ratm)al G ol 5]

(1)
Q{ a&WJ +Q.(AW)=F(x.y).
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where the operators Qj and Fl(x,y,t) are equal:

Ql = Mfz(hopo + hlpl)z;

Qz :_2M£2(2(h0P2D0 + thl)(hopo + h1p1)+
+ (Pz - 1X h, 0, (ho + hl)_ ( h02D0p0 + h12 D.p.)));

Q; =4(P; —1)(h02P2D0 +h12D1 + h12D1 +2hyh, P, Dy);

1 _
Q4 = _EM12(hozpoMol(3h12p12 + hopo(hopo +4h1p1 ))(2_ Do )+

+ hlzle1_1(3h()2,002 + h1p1(h1p1 +4h0,00 ))(2 - D1 ))’

Qs =—§ M, 2 (ho°Poog Mo (2P, (4D (1 - D) + (P, = 1)(4 + DF)) -

—hp/M,"(2(4D; -4D, 1)~ (P, =1)D,(2-D,))+

+6h02h12(p0p1|\/|0_1|\/|1_1(4( PzzDo + D1 )+(P2 _1)(2P2(1_ Do )_ P2D1(2_ Do )
+D,(1+Dp))++M, (s +p; )+ 2)
"'szhohl(2/)0,01|\/|0_1|\/|1_l )(h02(2+4Do - Do2 )-|-h12(2P2 - Ple +5D1 - D12 ))"’
+h02h12Mo_2(( Pz _1)(4_3D0 )+2D1(4_ Do ))+2h12p12M1_2D0(4_ D1 ))’
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Qe :%Mlz(hozpzpoMol(zpz(( Pz_:]-)(Z'I'gDo_?’Do2 ))_2D0(1_3P2+4D0 ))+
+hfp1M£1(4D1(1_2D1)_4D1+(P2_1)Dl(3_Dl))+
+3h02h12((4P2D0(P2(1_Dl)_Dl)_(PZ_l)(Z(PZ_l)Dl(l_DO)_
+P2(2_D0_2D0D1 )))poMc;1+(4D1(1+Do+P2Do)_(P2_1)(6D0D1(P2_1)_
_6P2Do + D1 ))p1M14)_2h0h1pz(poMc;l(2h02(( Pz _1)(D02 _2D0 _1)_
~2D,(1+D, ))-h;(2(P, ~1)+ D,(P, +3))))-

_4,01M171(h02+h12 )(Z(Pz_l)(l_D1)+P2D1+(l+ D1 ))))))’

2
:g(hépzDo(leo _5( Pz _1)+ h14D1(4D1 _(Pz _1))_
+3h02h12(8P2D0D1 _(Pz _1)((2( Pz +1)D0D1 _3P2Do - Dl(l_ D1 )))_
_4hoh1P2Do(h02(P2 _1)+2D1)+ h12(2( Pz _1)+(P2 +1)Do )))1
and

2

» O
F(xyt)=M," v —((hopy +hyp ) £~ £1))+

8 fx(ZO) aZf(O) 62 fx(zl) a f(l)
# (Moot =l ) (S5 )t

a f(O) a f(O) (3 f(l) 8 .I:(l)

+(hy Dy, + hy Dlpl)(( )~ ( )
4 8y 8y
—2A(2M1‘2((h0P2D0+th1)(M0fZ‘°)—M1fZ‘“))+
(0) (0) (1) (1)
+2Phh)(DM’1(af +af )+ DM’l(af A )+
oy’ oy’
(0) (0) (1) (1)
+M(RP,D, + hD)(“ AT (8f AT,
oy oy

If the plate is homogeneous, and W is the transverse displacement of the points of the “middle” surface - the plane of

the plate, then in this case the dependences

N,=N,; M,=M,; P,=1, hy=h; C,=C,; D,=D,.
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and equation (1) becomes the equation

((1 Co ) Ay +(1+C, ) A)(Ay + A)+
((3D (XY +A4))+4D, A5 A)+ 445 (A + A))(W ) =

_ 1 L, 0 0’ f(o) 0’ fy(zo) B (4)
—h—O(M —((f,)+h ( + Y )
. 8 .I:(l) a fy(zl)
—4D,M;A((f,)+h, PV 8y )

Where on the left is the product of two operators: the first describes the process of longitudinal oscillation, and the

second describes the transverse oscillation [18-27].

Similarly, an approximate equation is introduced from the general equation (1.3.12) given in [1] and we obtain for

oy, oV,
oy  OX

4 2 6
(Gli2+GzA+G 0 +GAa +G A +G, — 8
ot ot’ 6t

U, &V, ‘5’

Where the operators Gj and |:2 (X, y,t) are equal:

Gl = Mil(hopo + hlpl) ;
G, =—(h,P, +h,) ;

1

G, = =M (W(hyp, +3hp )M, + By o, + 30 )M )
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1 a o a1
G4 :_g(hoz(zpzhopoMo +3h1(poMo +,01|V|1 ))+
+h{(2h,p,M;" +3R,h (oM, + oM, ")));

G, :%MIZ(hj(PZhO +3h,)+h’(h, +3Ph, )): (6)

1 - - - _ _ -
Ge :E(hspzponoz(lolell +,00M01)+ hlslell(lopoMol +,01M11)+
+5h,h, p,p,M; "M (hy oM " (33D, — Dy ) - h/P,p,M (33D, - D, )));

1 5 B 5 _ 5 5 -1 -1
G7 :m(_l?)(ho PpoZMOZ +h1,012M12 )+20(h0 I:)2 +h1 )pOleO Ml o

—5h0h1(h03p0|\/|(;1((3—3D0 - Do2 )poM(;l _(Do _4)le;1)+
+ h13P2p1M1_1((3_3D1 - D12 )/71M1_1 _(Do _4)lel_1p0M0_1 )))’

Gy = (2AMPAIMS' + R oML )+ 10RO, + hEp M) +

+5h 0 (hy (M, =(Dy —4)pM," )+ hi(pM," =(D, —4)p M, *)));

G, =%(—24( WP, pIM, + 0 p?M,? )+ B(REP, +hE )p, oM, TM " —

_6hoh1(h§poM(;l((1_3Do - Do2 )poMf;l _(Do _2)p1M£1)+
+h13P2,01M1_1((3_ D1 - Dl2 )/)1M1_l _(Do _2)p1M1_lpoMo_1 )))s

and
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(0) 8 f(O) (1) 5 f(l)
ROy = P(N‘l(af )+ N*("” )+
oy’ oy’
fxi()) 5 f(O)
x> ay )_
, o . 82 f (1) a f(l) 82
_hopoMo (Nl Xzz - > ))
OX oy*

a f(O) a f(O)
N, ) -
ox* oy*

2 £ (1) 8 f(l) 2
e T
X oy’

+§(P2hfplwlﬁ(l\lola

1
_E(ch : (

—hy (

Approximate equation (1) is simplified in special cases when solving specific vibration problems [28-31]. For example,
operators (2) are greatly simplified when the Poisson's ratios of both components are constant, or when the thicknesses

of both components are equal, and so on [32-35].

For example, if N, =N, and v, =V, operators in Qj B (6) have the form:

Q =M (o, + p.)’;
Q, =—2M*h/ (2D, (P, +1)( o, + o, )+ (P, +1)(2p, = Dy p, — 1))
Q, =4(P, —1)h,"D,(3P, +1);
1., oy -
Q, :—gl\/llzh0 (2-D, )(p0M01(3,012 +0( 00 +4p,))+ (7)
+ oM (35 + oo +40)));

1, . _
Qs :_gho (Pzponoz(4Do(4_ Do )+ P2(8D0(1_ Do )+5)+
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+(P,=1)(12-6D, + Dy )+ 20,0,M,;"M;*(2(6 D, + P/(2+5D, ) +
+P,(2+9D,-D; )+ (P, -1)P,(2-3D, + D/ )+ D,(1+ D, )) +
+p12M1_2(8(1+ Do - Do2 )+4P2D0(4_ Do )+(P2 _1)D0(2_ Do ))),

o, :%hoz(pomol(4pzoo(2+5pz ~3D,(P, ~1))+(P, ~1)(P,(20-8D, —13D? )+

+6D,(1-D,)))+ lel’lDO(4(4+ D,)+4P,(4+ 2P, +5D, )+
+17( Pz _1)(Do + 2P2(1_ Do ))))’
Q :gho4Do( D,(4—15P, —5P )+ (P, —1)(1-13R,)); 7)

The sixth order operator in equation (1) can also be represented as a product of second and fourth-order operators if

the plate is elastic and the coefficients Qj are related by

Qz'Q4'Q7 :Ql'Qs'Q7+Q3'Q4'Q6-

For a two-layer elastic plate with given parameters of its components, relation (7) gives a 10th order algebraic equation
with respect to the ratio, while the sixth order operator in (1) can be represented as a product of two lower-order

operators

(Aia—+Aza j-(Agé +A4§X2+A5 +A1a J(W):O,

if the coefficients Qj and Ag are related by dependencies
Ql :AiAz; Qz :AiAt'FAz&; Q3 :AzAx;
Q =AA; QG=AA; &G=AA; QG =AA;
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Despite the fact that equation (1) is approximate, it is rather complicated. Operators (2) contain all the parameters and

operators that characterize both the mechanical and rheological properties of the material of a piecewise homogeneous

plate and its geometric dimensions.

CONCLUSION

The study of vibrations of piecewise-homogeneous
plates in an exact three-dimensional formulation
allows, without involving any hypotheses, to derive
the general and based on them approximate
equations for the vibrations of such plates.

It is shown that the simplest approximate equation
for the oscillation of a two-layer plate is the
equation of the sixth order in terms of derivatives,
which  describes its  longitudinal-transverse
oscillation.

For an elastic two-layer plate, the sixth-order
operator decomposes into the product of the
operators of the second - longitudinal and fourth -
transverse oscillations, if the thicknesses of the
plate components satisfy the derived equation
containing the parameters of these components.
Formulas were obtained for determining
displacements and stresses through the desired

functions at any point of a two-layer plate.
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