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INTRODUCTION:

Proving problems, as well as proving theorems,
properties and propositions, and memorizing them,
creates a number of difficulties for students. In many
cases, for this reason, problems that require proof are
neglected by students. Such problems can often be
overcome by using the method of mathematical

induction. That is, some theorems, identities,
propositions and properties can be proved more
easily by the method of mathematical induction than
by other methods of proof. Below we present the
proofs of several such theorems using the method of
mathematical induction.

Theorem 1.
A XA XA ={<X, X0 X > XA EXCA . eX A}
Let N(A) — A denote the number of elements of the set.
N(A) =k
N(A,) =k,
N(A) =k,
Then we have N(AxA x.xA)=k -K,-...-K,

We shall use the method of mathematical induction to prove this theorem.

Proof. Here S > 2

s=2, N(A)=k, N(A)=k,
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1k, 1123 ..k Kk, K,
2 K, 2123 .. Kk
3 K, 3123 .. Kk
k. K, k12 3 .. K

Thus, it follows that N (A x A)) =K, - K, so the statement is valid for S > 2 Let us assume that for

s=L N(AxAx.xA )=k K-k,
holds.

For

s;  N(AxAx..xA)=k -k, -...-k
We shall prove that

YNne N canonical form of the number.

— N . Nn*» . . N%
n= 1 2 ps

d=p’-pg-...p’ (1)
0<pB <
0<p,<a,
0<p,<a,
0<pB <a,
The number of elementsin A;is N(A) =, +1

The number of elements in Azis N (Az) =a,+1
The number of elements in Asis N (AS) =, +1.
Therefore
N(A xA x..xA)=(,+D)(a, +1)...(c, +1)
Where s is the number of factors.

When finding the number of positive divisors of a number n N one can make use of the above theorem.

7(N)=N(A xA x..xA)=(, +)(a, +1)..(a, +1) = li[(oci +1)
Theorem 2. If

(ap az) = 51’ therefore

(51,83) :52’ (52’3‘4) :53"" (5n—2’a1) :5n—1’
(8, 808,) =6, .

Proof. (by the method of MMI) 1) For n=2 the theorem holds, since (&,,8,) =9, .

2) Assume the theorem is true for (n-1) that is, suppose

(@,8,)=06, (6,8)=0p1(5,5:8,1) =6,
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And hence
(a,a,,...a,,)=9,,
3) We now show that the theorem is correct for ¥h number. We have
(av Apseens an—l) =0,
It is enough for us to show that (5n_2 ) an) = 5n_1 . This follows from the following theorem.
Theorem 3.If (&,,8,,...,8, ,) =0, , and (5 _,,& ) =0 then(a,a,,..,a,,,8)=0.

Thus, Theorem 2 holds for every natural number ¥n. This theorem can also be proved by means of the
method of mathematical induction.

Theorem 4. For (&,,8,,...8,) =1 to hold, it is necessary and sufficient that there exist integers
X, X,y X, €Z suchthat 1=a X +a,X, +...=a X
Proof. (by the method of MMI)

For n=2 it follows that the representation (al, az) =1= aXx +ax, =1 is necessary and sufficient. We prove
this using the following theorem.

Theorem 5. For (a,b)=1 it is necessary and sufficient thatl=ax+ by (VX,y € 2)
Proof: 1) was 7, =0 =(a,b) =ax+by.if 5=1,is L=ax+by .
2) Let I=ax+by . We argue by contradiction
(a, b) =d>1 (that is, they are not coprime).
In this case a:d and b:d =ax:d and by:d = (ax+by):d =1:d, d >1 this last

statement contradicts our assumption. Our assumption is therefore false, hence d=1 va (a,b)=1.

Il. Assume that Theorem 4 holds for n-1, that is

(@88, ;) =1 ax +aX, +..+8,, %, =1
is necessary and sufficient..

IIl. We now prove that Theorem 4 holds for every YN € N

(8,2,042,) = (38,18, ,)3,) =

By Theorem 5 it follows that ax +ax, +...+a X =1 and the theorem is proved.
P. P

Theorem 6. For k>1 for two consecutive convergents —; —KL

Q- Q.

the identity

k-1
Pk ) Qk—l - Qk : Pk_l = (—1) holds.
Proof. (by the method of MMI)

1. n=1

Pl 'Qo _Ql : Pl = (qlqo +1) '1_q1qo =1
1: (_1)1—1
1=1

. Assume that for n=k the equality Pk — Qk_1 — Qn . Pk_l = (—].)k71 holds
1. We prove that it is also true for n=k+1

Pk+1 ) Qk _Qk+1 ) Pk = (qk+1 ) Pk + Pk—l)Qk -
_(qk+1 ) Qk + QH)PK =0a- Pk ) Qk + Pk—l ) Qn - qk+1Pk ) Qk -
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R Qu=R., Q-FR-Q,= _(Pk Quu—Qy- Pk—l) = _(_1)k_l
_(_1)k—1 — _(_l)k—l+1

(D (D= (-
(D" = (-2

Thus the theorem VneN is proved.
g >1 M I{O,l, 2,..., g —1} - are the digits.
Definition

S s—1
a=aQ +a_Q0'+..+aq+a, 2)
A number aeN written in the form & € M, 1=0,$ is called a number of the positional system with base g.

The numbers &,,4,,4d,,...,d, are called the positional digits.
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